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ABSTRACT: Building on the superspace formulation for four-dimensional N = 2 matter-
coupled supergravity developed in [}, we elaborate upon a general setting for field theory
in A/ = 2 conformally flat superspaces, and concentrate specifically on the case of anti-de
Sitter (AdS) superspace. We demonstrate, in particular, that associated with the N' = 2
AdS supergeometry is a unique vector multiplet such that the corresponding covariantly
chiral field strength Wy is constant, Wy = 1. This multiplet proves to be intrinsic in
the sense that it encodes all the information about the NV = 2 AdS supergeometry in
a conformally flat frame. Moreover, it emerges as a building block in the construction of
various supersymmetric actions. Such a vector multiplet, which can be identified with one of
the two compensators of N' = 2 supergravity, also naturally occurs for arbitrary conformally
flat superspaces. An explicit superspace reduction N' = 2 — AN = 1 is performed for the
action principle in general conformally flat N/ = 2 backgrounds, and examples of such
reduction are given.
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Recently, we have developed the superspace formulation for four-dimensional N = 2

matter-coupled supergravity []], extending the earlier construction for 5D N = 1 super-

gravity [B, f{]. The locally supersymmetric action proposed in [[] has a striking similarity



with the chiral action in 4D N = 1 supergravity [, f] (see also [, ff] for reviews). The
action functional proposed in [ll] can be written in the form:

_ ++ . .
5= L 7{ (utdu™) / d*zd*ed*6 € £7~, uf DL =ufDLLTT =0, (1.1)
2m St+S++
with S*+(ut) := SYuu] and Stt(ut) = SYufuf. Here £7' = Ber(£4M), where

E AM is the (inverse) vielbein appearing in the superspace covariant derivatives, Dy =
(D4, D!, DY), and S¥ and S¥ are special irreducible components of the torsion (see ap-
pendix A for more detail). The Lagrangian £ (u™) is a holomorphic homogeneous func-
tion of second degree with respect to auxiliary isotwistor variables u;” € C?\ {0}, which are
introduced in addition to the superspace coordinates. The total measure in ([[.1]) includes
a contour integral in the auxiliary isotwistor space.

Let us now recall the well-known chiral action [, fj] in 4D A" = 1 old minimal (n =

—1/3) supergravity [§, H:

Shiral = / d*zd?0d%0 E % ,

VaLe =0 (1.2)
Here E~! is the superdeterminant of the (inverse) vielbein E4 that enters the corre-
sponding superspace covariant derivatives V4 = (V4, V4, V), and R is the chiral scalar
component of the torsion (following the notation of [[f]). The action is generated by a
covariantly chiral scalar Lagrangian L..

The similarity between ([.J) and ([.J) is at least twofold. First of all, each action
involves integration over the corresponding full superspace. Secondly, the Lagrangians
in (1)) and ([-3) obey covariant constraints which enforce £t and L. to depend on half
of the corresponding superspace Grassmann variables. The latter property is of crucial
importance. It indicates that there should exist a covariant way to rewrite each action as
an integral over a submanifold of the full superspace such that the number of its fermionic
directions is half of the number of such variables in the full superspace (i.e. two in the N' = 1
case and four if N = 2). In the N/ = 1 case, such a reformulation is well-known. Using the
chiral supergravity prepotential [[]], the action ([L.3) can be rewritten as an integral over the
chiral subspace of the curved superspace, see also [, [ for reviews (a somewhat more exotic
scheme is presented in [[[(]). What about the A" = 2 case? There are numerous reasons to
expect that the action ([[.1]) can be reformulated as an integral over an A/ = 1 subspace of
the curved AN/ = 2 superspace. In particular, this idea is natural from the point of view of
the projective superspace approach [EI, E] to rigid /' = 2 superymmetric theories (the su-
pergravity formulation given in [l]] can be viewed to be a curved projective superspace). We
hope to give a detailed elaboration of this proposal elsewhere.! Here we only provide partial

In the 1980s, there appeared a series of papers [@, E] devoted to projecting special off-shell N' = 2
supergravity theories into /' = 1 superspace. Specifically:

(i) refs. [E] dealt with the standard 40 + 40 formulation [@] for N/ = 2 Poincaré supergravity realized
in A/ = 2 superspace [@, @], and

(ii) ref. @] was concerned with A/ = 2 conformal supergravity realized in A/ = 2 superspace in [@]



supportive evidence by considering arbitrary conformally flat N' = 2 superspaces, including
a maximally symmetric supergravity background — 4D A = 2 anti-de Sitter superspace.

Unlike the case of simple anti-de Sitter supersymmetry (AdS) in four dimensions,?
field theory in the N/ = 2 AdS superspace is practically terra incognita.? In the case of
the N' = 2 Poincaré supersymmetry in four dimensions, there exist two universal schemes
to formulate general off-shell supersymmetric theories: the harmonic superspace [P4, Rj
and the projective superspace [[[1, [Z). To the best of our knowledge, no thorough analysis
has been given in the literature regarding an extension of these approaches to the anti-de
Sitter supersymmetry. One of the goals of the present paper is to fill this gap.

Before turning to the technical part of this paper, a comment is in order. The ac-
tion ([[.1]) is equivalent to that originally given in [fl]. The latter looks like

WW Lt
o

1

T o

(utdu™) / d*zd*ed' & (1.3)

where W is the covariantly chiral field strength, ij‘W =0, of an Abelian vector multiplet
such that W is everywhere non-vanishing, and

.y P Ty . (= s -
ST (uh) = el £V = (DDY) s = (DD +4ST)W L (14)

N

Unlike ([.T), a notable feature of ([[.J) is that it is manifestly super-Weyl invariant [[]]. The
N =1 action ([.J) can also be rewritten in a manifestly super-Weyl invariant form:

\I’TEC, 22—1(62—41%)@, Vol =0. (1.5)

S

S = / d*zd?0d%0 E

Here ¥ is a covariantly chiral scalar superfield required to be everywhere non-vanishing
but otherwise arbitrary.

This paper is organized as follows. In section 2, after a brief review of the differential
geometry of the 4D N = 2 AdS superspace, AdSY®, we elucidate the structure of N = 2
AdS Killing supervectors, and then introduce projective supermultiplets living in AdS*®. In
section 3, the manifestly supersymmetric action in AdS4® is reduced to N = 1 superspace,
and then several models for hypermultiplets, tensor and vector multiplets are considered.
Section 4 begins with a general discussion of N' = 2 conformally flat superspaces. We then

Since off-shell formulations for general matter couplings in N' = 2 supergravity were not available at that
time, applications of [E, @] were rather limited. We hope that the progress achieved in [] should revitalize
the approaches pursued in [E7

2The structural aspects of 4D A = 1 AdS superspace and corresponding field representations were
thoroughly studied in [E] (see also [@, @] for earlier work).

3The necessity of having an adequate superspace setting for N’ = 2 AdS supersymmetry became apparent
in [@] where off-shell higher spin supermultiplets with N/ = 2 AdS supersymmetry were constructed.
These N' = 2 supermultiplets were realized in [EI] as field theories in the A/ = 1 AdS superspace, by
making use of the dually equivalent formulations for A/ = 1 supersymmetric higher spin theories previously
developed in [@] However, their off-shell ' = 2 structure clearly hinted at the existence of a manifestly
supersymmetric formulation in the AN/ = 2 AdS superspace. Some progress toward constructing such a
formulation has been made in [@]



realize the N' = 2 AdS superspace as locally conformal flat, work out the tropical prepo-
tential for the intrinsic vector multiplet, and explicitly compute the NV = 2 AdS Killing
supervectors. In section 5, the action ([.) in an arbitrary conformally flat N = 2 super-
space is reduced to N = 1 superspace. As applications of this reduction, we consider several
models for massive hypermultiplets in AdS*® and vector multiplets in the conformally flat
superspace. Final comments and conclusions are given in section 6. The paper also con-
tains four technical appendices. Appendix A is devoted to a short review of the superspace
geometry of N = 2 conformal supergravity following [[]. In appendix B, we elaborate upon
the projective-superspace description of Abelian vector multiplets in conformal supergrav-
ity (along with some properties previously presented in [[l], new results are included in
this appendix). Appendix C is devoted to a mini-review of the geometry of N' =1 AdS
superspace and the corresponding Killing supervectors, following [[i]. Finally, appendix D
presents a summary of the stereographic projection for d-dimensional AdS spaces.

2. N = 2 anti-de Sitter supergeometry

The superspace geometry, which is quite compact to use and, at the same time, perfectly
suitable to describe 4D N = 2 conformal supergravity and covariant projective matter
supermultiplets, was presented in [[] (see appendix A for a concise review); its connection

to Howe’s formulation for conformal supergravity [[7] is discussed in [[]. In such a setting,
the 4D N = 2 AdS superspace

OSp(2/4)
Ads*® =
SO(3,1) x SO(2)
corresponds to a geometry with covariantly constant torsion:*
ikl Nt ekl
Wap = Yap =0, Gop =0, D.,S" =DLS™ =0 . (2.1)

The integrability condition for these constraints is [S,ST] = 0, with S = (S%;), and hence

S = ¢SV, S =8, lql =1, (2.2)

where ¢ is a constant parameter. By applying a rigid U(1) phase transformation to the

covariant derivatives, D! — gV 2Di  one can set ¢ = 1. This choice will be assumed in
what follows.

The covariant derivatives of the 4D N = 2 AdS superspace form the following algebra:

{Df)u Dé} = 4SijMaﬁ + 25aﬁ€ijskl']kl 5 {Df)u ﬁf} = _2i5§(0.0)a,3'l)6 3 (233)
. i o

[Da, D} = 5(aa)msﬂfpg, [Da, Dy) = —S* My, , (2.3b)

with 82 := %Sklskl. These anti-commutation relations follow from (JA.94)—(|A.9d) by
choosing the torsion to be covariantly constant.

4Compare with the case of 5D N = 1 anti-de Sitter superspace @]



In accordance with the general supergravity definitions given in appendix A, the co-
variant derivatives include an appropriate SU(2) connection, see eq. (A.3). It follows
from (R.3d), however, that the corresponding curvature is generated by a U(1) subgroup of
SU(2). Therefore, one can gauge away most of the SU(2) connection except its U(1) part
corresponding to the generator S*.Jy;

My — 24Ty (24)
In such a gauge, the torsion S becomes constant,
S = const . (2.5)
By applying a rigid SU(2) rotation to the covariant derivatives, we can always choose
SZ—o. (2.6)
This choice will be often used in what follows.

2.1 N =2 AdS Killing supervectors: I

In this subsection, we do not assume any particular coordinate frame for the AdS covariant
derivatives Dy4. In particular, we do not impose the gauge fixing (£.4).

The isometry transformations of AdS*® form the group OSp(2[4). Their explicit struc-
ture can be determined in a manner similar to the cases of 4D N’ = 1 AdS superspace
and 5D N = 1 superspace [Bf). In the infinitesimal case, an isometry transformation is
generated by a real supervector field &4 € 4 such that the operator

¢ = EA(2)Da = €9D, + 0D}, + £ DS (2.7)

enjoys the property
1
£+ §Achcd + M, Da| =0, (2.8)

for some real antisymmetric tensor A°!(z) and real symmetric tensor A*!(2), AL = X\, The
latter equation implies

[€ + N, SY] = [N, 8] = 0, (2.9)

and hence A¥ oc S¥. We therefore can replace (2-§) with
1
£+ §ACdMCd + pS* T, Da| =0, (2.10)

for some real scalar p(z). The meaning of eq. (R.10) is that the covariant derivatives
do not change under the combined infinitesimal transformation consisting of coordinate
(¢), local Lorentz (A°?) and local U(1) (p) transformations. It turns out that eq. (B.1()
uniquely determines the parameters A°¢ and p in terms of £&. The 4 & 4 is called a Killing



supervector field. The set of all Killing supervector fields forms a Lie algebra, with respect
to the standard Lie bracket, isomorphic to that of the group OSp(2/4).
Eq. (B.10) implies that the parameters £4, A and p are constrained as follows:

. . 1 .
Digl — pSi;e8 — §>\a55; =0, (2.11a)
Diel - %Sijﬁ‘j‘ﬁ =0, (2.11b)
Deeb + 2l (0)5% = 0, (2.11¢)
DA — 487l (0% o5 = 0, (2.11d)
Dip—2 =0. (2.11e)

Note that eq. (R.114) is equivalent to

Dre) = D&fg =0, 2p87+ D) =0, Aap = %Dgfagg)k . (2.12)

Equation (R.11H) is equivalent to
D=0,  Die) - %Sijé"’ﬁ =0. (2.13)

Equation (R.11d) is equivalent to
DO =0, Dy —8i&) =0 (2.14)

Equation (R.11d) is equivalent to
DN =0,  Dihg =0,  D'As+687¢;=0. (2.15)

It is also worth noting that the above equations imply

D&y =0 (2.16)

which is a natural generalization of the standard equation for Killing vectors.
Similar to the case of 5D N = 1 AdS superspace [Bq], all the components €4 can be
expressed in terms of the scalar parameter p as follows:

@ 1 «a i i I 1 k
& =3Dr, &= Fsijpapépy Aag = 7PaDpkp - (2.17)
The latter obeys a number of constraints including
o 9y Py 1 _
<D’Y DI +48 J)p =0, (Dapg - 5528 ﬂsle(’;Dlﬁ.)p =0, (2.18)
and hence
Dup=0. (2.19)



2.2 N =1 reduction

It is of interest to work out N/ = 1 components of the N' = 2 Killing supervectors, as well
as of covariant A/ = 2 supermultiplets. Given a tensor superfied U(x, 6;,0°) in N’ = 2 AdS
superspace, we introduce its A’ = 1 projection

Ul = U, 6,0 g, 2o (2.20)
in a special coordinate system to be specified below. For the covariant derivatives
Dy = EaM0y + %QAbCMbC +®48% Ty, (2.21)
the projection is defined according to
Dal = EaM|Ou| + %QAbCyMbc + B 4|SHTy (2.22)

Here the first term on the right, £ AM’aM |, includes the partial derivatives with respect to
the local coordinates of N'= 2 AdS superspace.
With the choice S22 = 0, as in eq. (E9), it follows from (B.3d) and (R.3H) that

{DL, D§} = 48" Mg, {DL, D} = ~2i(09)a"De, [Da, D] = 5(00)p5 D] . (2:23)

Therefore, the operators (D, Dé, ij) form a closed algebra which is in fact isomorphic to
that of the covariant derivatives for ' =1 AdS superspace with

i=—-SY, (2.24)

see appendix C. Note also that no U(1) curvature is present in (2.23).
We use the freedom to perform general coordinate, local Lorentz and U(1) transfor-
mations to choose the gauge

Di=v,, DY = Ve, (2.25)

with V4 = (Vq, Va, V¥) the covariant derivatives for A" = 1 anti-de Sitter superspace (see
appendix C). In such a coordinate system, the operators Dé| and Dg;| do not involve any
partial derivatives with respect to 62 and 62, and therefore, for any positive integer k, it
holds that (Da, -+ Da,U)| = Da,| - Da,|U|, where Dy := (Dé,@f) and U is a tensor
superfield.

Given an arbitrary N' = 2 AdS Killing supervector &, we consider its N' = 1 projection

€] = X'V + A"V + AaV* + D2 | + £,D5 |, (2.26)
where we have defined
N, N =], e dL, emggl, a—gdL (221)
We also introduce the projections of the parameters A\, and p:

Wab = Aab| e:=p. (2.28)



Now, the OSp(2[4) transformation law of a tensor superfield U,
SU = (5 n %ACdMCd n pSlikl) U, (2.29)
turns into
SU| = ()\“Va + AV + AV + %w“bMab> Ul
+(e2(D20)| + 2a(DSU)]) — el + U] (2.30)

where we have made use of (2.24). It can be shown that A = AV, + A%V, + A¢ V¥ is an
N =1 AdS Killing supervector (see appendix C), and the variation in the first line of (.30)
is the infinitesimal OSp(1[4) transformation generated by A. The parameters £%, &4 and
¢ generate the second supersymmetry and U(1) transformations. It can be shown, using

egs. (2.13)-(R-19), that they obey the constraints [2]]]
1 .
¥ = §V°‘€, VoV =0, (V2 —4j)e=0. (2.31)

2.3 Projective supermultiplets in Adsis

General matter couplings in 4D N = 2 supergravity can be described in terms of covariant
projective supermultiplets [[[]. Here we briefly introduce such multiplets in the case of

N = 2 AdS superspace, and then work out their reduction to N' = 1 superfields.

In the superspace AdS*®, a projective supermultiplet of weight n, Q(")(z,u+), is de-

fined to be a scalar superfield that lives on AdS*®

J’_

7

, is holomorphic with respect to the

isotwistor variables u; on an open domain of C2\ {0}, and is characterized by the follow-

ing conditions:
(1) it obeys the covariant analyticity constraints®

Do =DFoM =0, DY :=uD., DI :=u/D,; (2.32)

(2) it is a homogeneous function of ut of degree n, that is,
QM (z, cut) = ¢ QM (z,u™), ceC\{0}; (2.33)
(3) the infinitesimal OSp(2[4) transformations act on Q™ as follows:

6:Q" = (£°Dy + €7Dl + ELDF + pST ;) Q™)

. 1 iy
ijy..0m) — _ ++p— _ ., g+ ) o) ++ _ qij,t,+
S4J;QM = (u+u_)(s DT —nSTT)QM, s = sUuFut, (234)
with D™~ = u_iauaﬂ-. The transformation law (2.34) involves an additional two-
vector, u; , which is only subject to the condition (utu™) := u”u; # 0, and is

otherwise completely arbitrary. Both QM and SY Jij oM are independent of u ™.

®In the rigid supersymmetric case, constraints of the form ( ) in isotwistor superspace R*® x CP?
were first introduced by Rosly @], and later by the harmonic | and projective @, @ superspace
practitioners.



In the family of projective multiplets, one can introduce a generalized conjugation,
oM — 9 defined as

QM (yt) = 9 (ut —at), ut =ioguT, (2.35)

with Q) (ut) the complex conjugate of Q™ (uF). It is easy to check that QM (z,ut) is
a projective multiplet of weight n. One can also see that oM = (—1)"Q("), and therefore
real supermultiplets can be consistently defined when n is even. The Q™ is called the
smile-conjugate of Q).

It is natural to interpret the variables u:r as homogeneous coordinates for CP'. Due to
the homogeneity condition (B.33), the projective multiplets Q) (z,u") actually depend on
a single complex variable ¢ which is an inhomogeneous local complex coordinate for CP?!.
To describe the projective multiplets in terms of {, one should replace Q(")(z, u™) with a
new superfield Q" (z,¢) o« Q" (z,u™), where QI"(z,¢) is holomorphic with respect to C.
The explicit definition of QM(C ) depends on the supermultiplet under consideration. One
can cover CP! by two open charts in which ¢ can be defined, and the simplest choice is:

(i) the north chart characterized by u*! # 0;
(ii) the south chart with u*2 # 0.

Our consideration will be restricted to the north chart in which the variable {( € C is
defined as

ut =ut(1,0) =u™, =10,  G=eydd =(=¢1) . (236)
In this chart, we can choose
uz_ = (17 0)7 u_i = gij u]_ = (07 _1) . (237)

Before discussing the possible types of Q")(¢), let us first turn to the U(1) part of the
transformation law (R.34). The parameters STt and ST~ in (R.34) can be represented as
Stt = (u+l)2E(§) and ST~ = utLA((), where

2(¢) = SYU (¢ =SHU¢?—2812¢ + 82 AQ) =8t =-81¢c+ 812 (2.39)

Now, let us introduce the major projective supermultiplet Q(")(z,u+) and the corre-
sponding superfields Q["}(Z,C). In the case of covariant arctic weight-n hypermultiplets
T (z,u*) [, it is natural to define

T (z,ut) = WHnr(2,¢), TRz, 0) = i Tr(z)Ck . (2.39)
k=0

The corresponding U(1) transformation law is:

pS I TI(C) = p(2(Q) 0 +n AQ))I(C) (2.40)



The smile-conjugate of T is called a covariant antarctic weight-n multiplet. In this case

e}

Y‘(”)(z’,u) — (u+2)n T[n](27g~)7 n] (2,¢) = Z 1 (2.41)

k=0 C
with T} the complex conjugate of Tj. The U(1) transformation of T (z, ¢) is as follows:

pSUITNQ) = £ (20 +naQ) (T (Q) - (2.42)

In the case of a real weight-2n projective superfield R(2")(z, u™), it is natural to define
RO (z,ut) = (1u+1u+2) Rz ¢) . (2.43)
The U(1) transformation of R™(z, () is:

S J; R2n) = Cﬁn (E(g) o + QnA(g)) (gnR@"}) . (2.44)

There are two major types of superfields R?"(z,¢): a real O(2n)-multiplet (n = 1,2,...)
HP (2 ¢) = Z Hp(2)¢F,  H,=(-1)*H_,, (2.45)
k=—n
and a tropical weight-2n multiplet
f: U(2)¢F, Uy =(-1)*U_; . (2.46)
k=—oc0

If the projective supermultiplet Q™ (z,uT) is described by Q" (z,¢) oc QM (z,u™),
then the covariant analyticity conditions (R.39) become

D) QM) =0 DI (¢) = -DiG =(Ds—D2, (2.47a)
DT (¢) QM(¢) =0, DY(¢) = D¢ = Df + (Dy, (2.47b)

and therefore
DZol"(¢) = ¢DiaolM(¢), Dgal(¢) = —%DEQ["](C) : (2.48)

The differential operator £2D! + £, D, which enters the transformation law (R.34), acts
on Q(¢) as
1
¢

Let us impose the SU(2) gauge (B4) and choose S12 = 0, as in eq. (2.4). Then,
eq. (B-49) implies that the ' = 1 projection of £Q(¢) is

(60D + ELDM) QM () = (&7 + ¢&8)DE + (& — =82)D§) Ql(¢) (2.49)

(¢M(0))| = AQ(0)] + <<sava - %wé) Q)] (2.50)

— 10 —



with £ an arbitrary A/ = 2 AdS Killing supervector, and A the induced N/ =1 AdS Killing
supervector. As a result, the A" = 1 projection of the transformation (5§T[”](C ) becomes

seX(Q)| = Ax(Q)|
+<C€O‘Va - %e—dvd> O +e(EQ)d +nAQ)YM(©Q), (2.51)

and similarly for 55'?["} €) ! The N = 1 projection of the transformation 5§R[2"} (¢) becomes
6¢RP(Q)] = ARP ()]

+<gsava — %advd>R |+ —= (E(g) Oc +2nA(g)) (¢"REM|) . (2.52)

Cn
In the gauge chosen, the parameters Z(¢) and A(() are:

2(¢) = - —p, A =pcC. (2.53)

3. Dynamics in AdS*/®

In the case of N’ = 2 anti-de Sitter space, the action ([[.I)) becomes

S = ijq{( tdut /d4 d'9dth e —— £ (3.1)
"o ! ! (5T ‘

where the Lagrangian £11(z,u™) is a real weight-two projective supermultiplet.

It is worth giving two non-trivial examples of supersymmetric theories in AdS*®. First,
we consider a superconformal model of arctic weight-one hypermultiplets Y+ and their
smile-conjugates Y+ described by the Lagrangian B3, B9

L =i K(YH, 1), (3.2)

conf

where the real function K (®!, o7 ) obeys the homogeneity condition

@IOZIK(@ P) = K(D,d) . (3.3)

Our second example is the non-superconformal model of arctic weight-zero multiplets

&

Y and their smile-conjugates Y described by the Lagrangian [2q]

Lt = STTK(Y,Y), (3.4)

non—conf

with K(®!, o7 ) a real function which is not required to obey any homogeneity condition.
The action is invariant under Kéhler transformations of the form

K(Y,Y) — K(Y,X)+A(Y) +A(Y), (3.5)

with A(®7) a holomorphic function.
Throughout this section, the torsion S is chosen to obey eq. (2.6).

— 11 —



3.1 Projecting the N =2 action into N =1 superspace: I

In this subsection, we reduce the N' = 2 supersymmetric action (B.1]) to the N' =1 AdS
superspace.

Without loss of generality, the integration contour in (B.]) can be assumed to lie
outside the north pole v o (0,1), and then we can use the complex variable ¢ defined in
the north chart, eq. (2.3@), to parametrize the projective supermultiplets. Associated with
the Lagrangian £ (u™) is the superfield £({) defined as

L) =i ™2L(0) = i(u™)2C L) . (3.6)

Similarly, associated with ST+ (u™) is the superfield S(¢) defined as

1
ST ) =i S, SO =i <ﬂ<+uz> . (3.7)
Let £(¢)| denote the N/ = 1 projection of the Lagrangian £(¢). Then, the manifestly
N = 2 supersymmetric functional (B.I]) can be shown to be equivalent to the following
action in AdS**:

_ dC 4 2n12n -1 ._ M
5_7€2m</d 2 d20d20E L£(¢)],  E~':=Ber(EaM) . (3.8)

While this form of the action will be derived in section 5, here we only demonstrate
that (B.§) is invariant under the OSp(2|4) transformations. We note that the transfor-
mation law of £(¢) is given by eq. (R.53) with n = 1. Tt is obvious that (B.§) is manifestly
invariant under the A/ =1 AdS transformations

OAL(Q)] = AL(Q) = (A\"Va + AVa + XaV*) L(O)] - (3.9)

The other transformations, which are generated by the parameters ¢, €%, &, in (.53), act
on L(¢)] as follows:

3.£(0)) = (6°Va = 267 ) 2001 - £+ )0~ X)L - 10)
The corresponding variation of the action,
_ d¢ 4, 129127
0:5 = j{CZWiC /d xd“0d“0 E5.L(C)|, (3.11)

can be transformed by integrating by parts the derivatives V,, V¢ and O¢. This leads to

4 _ . 1
aeszjécﬁ d4a;d26d29E< — (V%) + (Vd?‘)+2€<uc—u—>>£(o! =0,

1
¢ ¢
where we have made use of the relations

1
e* = iv%, V%o = 2jic . (3.12)
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3.2 Free hypermultiplets, dual tensor multiplets and some generalizations

To get a better feeling of the sigma-models (B.J) and (B4), it is instructive to examine
their simplest versions corresponding to free hypermultiplets.
Consider the Lagrangian
Lot =iTtrt (3.13)
which describes the dynamics of a weight-one arctic hypermultiplet T and its smile-
conjugate Y.
We represent YT (u®) = vt ((), where Y(¢) is given by a convergent Taylor series

Q

centered at ¢ = 0. Then, the analyticity conditions (2.48) imply

+oo
T =@+ + Y ¢*rl,  Vie=0, (VP-4u)T=0.  (3.14)
k=2

Here ® and I' are covariantly chiral and complex linear superfields, respectively, while the
higher-order components Y|, with & = 2,3, ..., are complex unconstrained superfields. It
is useful to recall that, in the A/ = 1 AdS superspace, the chirality constraint V¢® = 0 is
equivalent to V2@ = 0 [@] Moreover, any complex scalar superfield U can be uniquely
represented in the form U = & + T', for some chiral ® and complex linear T' scalars [[[§]
(see [E] for a nice review of the N’ =1 AdS supermultiplets classified in [[L§]).

Then, evaluating the action (B.§) with £(¢) corresponding to (B.13) gives

9 e B
Sunt = . 5mz [ Al OLIETON(C)

+o0o
= /d% d%0d*0 E (qmb —IT + Z(—1)krk|rk|> . (3.15)
k=2

Integrating out the auxiliary superfields Y|, in complete analogy with the flat case [B0],
reduces the action to

Secont = / d'zd*0d*0 E (@ —IT) . (3.16)

The first term in the action provides the standard (or minimal) off-shell description of
N = 1 massless scalar multiplet. The second term describes the same multiplet on the
mass shell, although it is realized in terms of a complex scalar and its conjugate. The latter
description is known as the non-minimal scalar multiplet [B1].

The action (B.16) is manifestly N' = 1 supersymmetric. It is also invariant under the
second SUSY and U(1) transformations which are generated by a real parameter € subject
to the constraints (2.31]), and have the form:

5.0 =— (V¥ +ep) I = —%(?2 —4p)(el), 6. =(eVo+en)®. (3.17)
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The complex linear superfield I' can be dualized® into a covariantly chiral scalar superfield
U, V4 = 0, by applying a superfield Legendre transformation [BJ] (see [, [ for reviews)
to end up with

g(dual) _ / d*z d?0d*0 E (3P + 0W) . (3.18)

conf

The second SUSY and U(1) invariance of this model is as follows:
1 =9 — 1 =9 —
0:P = _Z(V —4u)(eVv), 0:U = Z(V —4u)(e®) . (3.19)

Now consider the Lagrangian

i S-H— .
L =YY (3.20)

non—conf — ‘S’

describing the dynamics of a weight-zero arctic multiplet Y and its conjugate Y. Upon
reduction to the N' =1 AdS superspace, this system is described by the action

_ 1 d¢ 4. 129327 -~
Snon—conf - |,U| %; 27TiC d*z d“6d HES(C)T(C)‘T(C)‘v (321)

where S(¢) is given in eq. (B.7). The A = 1 projection of Y (¢) has the form:
+oo . ~
Y| =@ +CT+> ¢FYyl, VB =0, (VP-4p)T=0, (322
k=2

with the scalar superfields Y|, k& > 2, being complex unconstrained. To perform the
contour integral in (B.21]), it is useful to note that

1 11 i
—S8(C :<1———> 1+ (), Ai=i— . 3.23
|l © A¢ ( ) (3:23)
We then can redefine the components of the arctic multiplet as
Y| = (1 + Ag)Ty =@ (T + Y Tich,
k=2
® =, I'=T"+\®, Y. =Yp| + A 1] , E>1. (3.24)

Here IV obeys a modified linear constraint of the form:

(V2 —4p) TV = i|p|® . (3.25)

| =

6The existence of a duality between the minimal (®,®) and the non-minimal (I',T') formulations for
scalar multiplet became apparent after the foundational work of [E], where these realizations were shown to
occur as the compensators corresponding to the old minimal and non-minimal formulations, respectively,
for N' = 1 supergravity.
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Such a constraint is typical of chiral-non-minimal multiplets [BJ]. The complex superfields
}. with & > 1 are obviously unconstrained. Now, the contour integral in (B.21)) can easily
be performed, and the auxiliary fields integrated out, whence the action S,on_conf becomes

Seoncont = / Atz 420420 E(@@ - f’r’) . (3.26)
The second SUSY and U(1) transformations of this action are:

. 1 _
6:® = ielu|® — (£4V* +ep) I = _Z(V2 — 4p) (eI,
5T = ie|u|T + (e°Vy + i) @ . (3.27)

The generalized complex linear superfield IV, which is constrained by (B.2§), can be dual-
ized into a covariantly chiral scalar ¥, VW = 0, to result with the following purely chiral
action:

S = [t atacin(ee ree - ifeeifee) . @2
p 1

In a flat superspace limit, u — 0, the last two terms in (B.2§) will drop out. The second
SUSY and U(1) transformations of the model (B.2§) coincide, modulo a simple re-labeling
of the chiral variables, with (B.19).

The difference between the hypermultiplet models (B.13) and (B-20) can naturally be
understood in terms of their dual tensor multiplet models. The conformal theory (B.13)
turns out to be dual to the improved N = 2 tensor model [[L1], B2, B4, BH]. When realized
in the N' = 2 AdS superspace, the latter is described by the following Lagrangian:

ot g G
Eimpr.—tensor =-G""In F ’ (329)

with Gt a real O(2) multiplet. The non-conformal theory (B.2() is dual to the tensor
multiplet model

1 (G++)2
++
Etensor - _5 S+t (330)

This is similar to the situation in A/ = 1 AdS supersymmetry, where the conformal scalar
multiplet model described by the Lagrangian

Leont = ®P (3.31)
is dual to the improved tensor multiplet model [3]
Limpr.—tensor = —GIn G, (V2 —4p) G =0, G=G, (3.32)
while the non-conformal scalar multiplet model

1 2
Lnon—conf = 5 (q’ + (I’) (333)
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is dual to the ordinary tensor multiplet model [B7]
L o
Liensor = _EG . (334)

A nonlinear generalization of the tensor multiplet model (B.30) is

++ ++ Gt
for some function F, compare with the rigid N' = 2 supersymmetric models for tensor
multiplets [[J]. This theory can be seen to be dual to a weight-zero polar multiplet model
of the form

L =8+t F(‘f + r) , (3.36)

for some function F related to F.

3.3 Models involving the intrinsic vector multiplet

The structure of off-shell vector multiplets in a background of N' = 2 conformal supergravity
is discussed in [[; see also appendix B. In the case of AdS*®, we have SV = 8 = §4.
Then, the Bianchi identity for the field strength W of an Abelian vector multiplet, eq. (B.3),
tells us that there exists a vector multiplet with a constant field strength, Wy, which can
be chosen to be

Wo=1. (3.37)

Its existence is supported by the geometry of the AdS superspace, and for this reason this
vector multiplet will be called intrinsic. We denote the corresponding tropical prepotential
by Vo(z,u™), and it should be emphasized that Vj is defined modulo gauge transformations
of the form:

SVo=A+A, (3.38)

where A is a covariant weight-zero arctic multiplet. Using V{ allows us to construct a
number of interesting models in AdS*/®.

Consider a system of Abelian vector supermultiplets in AdS*® described by their co-
variantly chiral field strengths Wy, where I = 1,...,n. The dynamics of this system can
be described by a Lagrangian of the form:

L = —ivo [((D*)Q v 4S++>]-'(W1) + ((15+)2 n 4S++)f’(wl)} : (3.39)

with F(Wy) a holomorphic function. The action generated by £*% is invariant under
the gauge transformations (B.3§). This theory is an AdS extension of the famous vector
multiplet model behind the concept of rigid special geometry [B]. The Lagrangian (B.39)
is analogous to the rigid harmonic superspace representation for effective vector multiplet
models given in [BY]. In section 5, we will return to a study of the model (B.39) for the
case when AdS*3 is replaced by a general conformally flat superspace.

To describe massive hypermultiplets, we can follow the construction originally devel-

oped in the A/ = 2 super-Poincaré case within the harmonic superspace approach [iJ and

— 16 —



later generalized to the projective superspace [, ). That is, off-shell hypermultiplets
should simply be coupled to the intrinsic vector multiplet, following the general pattern
of coupling polar hypermultiplets to vector multiplets [IJ]. A massive weight-one polar
hypermultiplet can be described by the Lagrangian

LIt = iTtemVort m = const (3.40)

which is invariant under the gauge transformation of Vj, eq. (B.3§), accompanied by

YT =-—mAYT. (3.41)
Similarly, a massive weight-zero polar multiplet can be described by the gauge-invariant
Lagrangian:
S++ .
LIt = WTemVOT, m = const . (3.42)

4. Conformal flatness and intrinsic vector multiplet

S48 is formulated using the pre-

We have seen that the dynamics of various models in Ad
potential of the intrinsic vector multiplet. To reduce such actions to the N/ = 1 AdS
superspace, it is advantageous to realize AdS¥® as a conformally flat superspace.

The fact that the N' = 2 AdS superspace is locally conformal flat has already been
discussed in the literature [[f]. This result will be re-derived in a more general setting in
subsection 4.1.

It is useful to start by recalling the structure of super-Weyl transformations in 4D
N = 2 conformal supergravity following [[l]. The superspace geometry describing the 4D
N = 2 Weyl multiplet was studied in detail in [f]], and a summary is given in appendix
A. The corresponding covariant derivatives Dy = (D, D%, D¥) obey the constraints (A.9),
and the latter are solved in terms of the dimension 1 tensors S¥, Gug, Yap and W,5 and
their complex conjugates, see eqs. (A.94)—(A.9d). Let Da = (D, D!, D$) be another set
of covariant derivatives satisfying the same constraints (@), with Y, Goa, Y3 and Weg
being the dimension 1 components of the torsion. The two supergeometries, which are
associated with D4 and D4, are said to be conformally related (equivalently, they describe

the same Weyl multiplet) if they are related by a super-Weyl transformation of the form:”

DI — e%a( Di + (DVio)Myq — (Daka)J’”) : (4.1a)

De; = €27 (Daq + (D] o) Msa + (Do) i) (4.1b)

D=

o+o 1 « =3 1 o =0 1 —
D, = ez(ot )<Da + ~(04)5(D5) DE + 1(70) 4(DEo) Dy — 5(Db(a +5)) My,

4
L (52)59 (D o) (Dapr) Moy + %(&Q)m(ﬁfa)w%)z\z

« aB

- —(5’a)da(D§0)(Déf7)Jkl> : (4.1c)

"In [m]7 only the infinitesimal super-Weyl transformation was given.
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where the parameter o is covariantly chiral Df‘a = 0. The dimension-1 components of the
torsion are related as follows:

5 1 1
Sij = ¢ (SZ] — Z(D?ZD»”)O') + Z(DZZO')(D,Y])O')> s (42&)
G.? = ez(7+9) <Ga6 _ i(gc)aﬁ' De(oc —5) — é(DQa)(D,f&)) , (4.2b)
& Lok Lok
Yap = 7 Yap = 7(DiaDpyo) = (Do) (Dpyro) | (4.2c)
Waﬁ = e" af - (4.2d)

The geometry D4 will be called conformally flat if the covariant derivatives D4 corre-
spond to a flat superspace.

Consider a vector multiplet. With respect to the conformally related covariant deriva-
tives Dy and Dy, it is characterized by different covariantly chiral field strengths ¥V and
W obeying the equations:

DLW =0, (DD 4 4SU)W = (DD + 487w,
DLW =0, (DDY) +487)W = (D DI + 4S)W .
The field strengths are related to each other as follows [fl]:
W=e’W. (4.3)

Consider a covariant weight-n projective supermultiplet. With respect to the confor-
mally related covariant derivatives D4 and Dy, it is described by superfields Q™ and Q™)
obeying the constraints

DM =DFo™ =0,  DFQ™ =Di Q™ =0. (4.4)
In the case of matter multiplets, these superfields are related to each other as follows® [[I]):
o) = ez(@+a) () (4.5)

As argued in [[l], the super-Weyl gauge freedom can always be used to impose the reality
condition S;; = S‘ij. The same condition can be chosen for the supergeometry generated
by the covariant derivatives D 4. Therefore, if the conformally related supergeometries are
characterized by the reality conditions

Sij =8,  Sij =15, (4.6)

then eq. ([.24) tells us that
W:=e"° (4.7)

8The super-Weyl transformation laws (E) and (@) have natural counterparts in the case of 5D N =1
supergravity [E]
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is the covariantly chiral field strength of a vector multiplet with respect to the covariant
derivatives D 4. Due to ({.3), we then have W = 1.

It is instructive to compare the N/ = 2 super-Weyl transformation, egs. (f.1d)-(JL.1d),
with that in A = 1 old minimal supergavity [[4]:

Vo =FDy—2(D"F)M,,, F:=¢"?¢7t, D% =0 (4.8a)
Ve = FDs — 2(DVF) Mg, (4.8b)
Vs = %{va,%} . (4.8¢)

Here V4 = (V4,Va,VY) and Dy = (Dg, Dy, DY) are two sets of NV = 1 supergravity
covariant derivatives obeying the modified Wess-Zumino constraints.

4.1 Reconstructing the intrinsic vector multiplet

The superspace geometry of AdS*® is determined by the relations (R.1]) and (2.9). Let us
demonstrate that AdS*® is conformally flat, which we note would imply that Sij = Gag =
Yos = Wap = 0 in egs. (.2d)-({.2d). Our first task is to search for a chiral scalar o such
that Yog =G, 5= 0. The equation YV,3 = 0 is equivalent to

Df,Dg)e” =0 . (4.9)
The equation G of = 0 is equivalent to
[DF, DYe"7 =0 . (4.10)

The covariant derivatives of the flat global A" = 2 superspace are D4 = (9,, D, Df‘), with

i _ 9 <0 by Bpi Ao 9
Da—afofé—l(o')a eﬁab, Dl_@_

i(0”)5%6%, . (4.11)
Consider a Lorentz invariant ansatz for o and & given by
e” = A(ai) +0;;BY(2}) + 0'C(2f), € = A(zg) + 07 B;j(z) + 0'C(ag), (4.12)

where

28 = 2% —i(0%)Y000% 0;j = 0800 , 0 .= 0,;0" (4.13a)
8= 2%+ i(0%) 0005 69 = .0 0t =00, (4.13b)

and the functions A, Bij, C' are the complex conjugates of A, BY, C. The variables xf
and 6% parametrize the chiral subspace of the flat /' = 2 superspace.
Equation ([L.9) proves to restrict the coefficients in (JL13) to look like

A(z?) = ay + ap 22, BY(g%) = b7, C(z?) =0, (4.14)

where ay, as, b"/ are constant parameters. Next, equation ([.1() imposes additional condi-
tions on the parameters ai, as and b¥:

a1ao = aiay, bikl;kj = —40,1@25;- . (4.15)
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Without loss of generality, the constant a; can be chosen to be a; = 1, and then the
relations ({.15) are equivalent to

g g 1 _ 1 ..
b7 =qsY, ap = —132, sV =si, lql=1, §% = §Swsij . (4.16)

It can be seen that the parameter ¢ coincides with that appearing in (R.9). In accordance
with the consideration in section 2, we set ¢ = 1. Now, the solution to eqs. ({.9) and ({.10)
can be expressed as

1 . _ 1 .
e =1— 132:17% + 80,5 , e =1-— ZS%%‘ + 850" . (4.17)
Note that the tensors S¥ and S¥ are expressed in terms of o and & as follows:
ij _ 1 ot nij.—o gij _ L o45(ij a5

SJ:Ze (DYe ), S]:Ze (DYe ), (4.18)

with D% := DW'D%) and DY := D,(.YiDj )7, Tt also holds
ST =359 + 00), SP=57 4 00). (4.19)

Then, the relation

SV =8 =84 (4.20)

holds as a consequence of the Bianchi identities. Defining a new chiral superfield
1 » -1 .
Wo:=e 7 = (1 - Zs%i + sweij> ., D¢y =0, (4.21)
one can see that eq. (.20) is equivalent to
DYWy = DYW . (4.22)

This is the Bianchi identity for the field strength of an Abelian vector multiplet in flat
superspace [i]. It is an instructive exercise to check eq. (f.23) by explicit calculations.
It follows from the expression for Wy, eq. (4.21]), and the explicit form for the vector
covariant derivative D, eq. (), that the space-time metric is
dz%d x,

2 _ a T —
ds? = dz® da, (WOWO) ‘920 = Lo (4.23)

Modulo a trivial redefinition, this expression coincides with the metric in the north chart
of AdS, defined in appendix D, with % being the stereographic coordinates. The metric
can be brought to the form (D-J) by re-scaling #% — 2x% and then identifying s> = R™2.
As expected, the conformally flat representation ([l.14)—(f.1d) is defined only locally.
Associated with the field strengths Wy and W is their descendant
1 1 p—

= ZDijW0 = ZD”WO, S = eipeji DR (4.24)
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enjoying the properties
DU — patinik) — (4.25)

that are characteristic of the N’ = 2 tensor multiplet. Contracting the indices of Eéj with
the isotwistor variables u;” € C? \ {0}, we then obtain the following real O(2) multiplet:

et (zut) = uful S (z), DIt =Dt =0. (4.26)

It can be shown that Ear T has the form:

s+ sTt 2s2((07)2 4 (67)%)  2is?st(24)a20°F0}
0o - 2 3 3
(1 - %s%i) <1 - %szzpi) (u+u—)<1 - %32:17%)
18257 (8 + 8222 )(61)2%(61)2
(utu=)? <1 - is%i)

Here s+ = sijufcuj:, 0% = 0ui and 05 = 0Luf, (07)% = 670F and

e Flu_)(aa)ad (ea+§; n ea—édf) : (4.28)
The variables 2%, 60 and 67 are annihilated by the covariant derivateves DI := u} D},
and D&t = u:rl_)‘j‘i, and can be used to parametrize the analytic subspace of harmonic

superspace 24, B§]. One can check that ¥ has the form (f.26), and hence does not
depend on u~,

0
—¥5t =0 4.29
8u_ 0 ) ( )
in spite of the fact that separate contributions to the right-hand side of ({.27) explicitly

depend on u~. In conclusion, we give the explicit expression for the torsion S%:
S = (WoWp) 1 2¥ . (4.30)

It is important to point out that now S¥ is covariantly constant, DZ{SM = ijj{Skl =0,
but not constant. This clearly differs from the analysis in section 2, and the origin of
this disparity is very simple. In section 2, we imposed the SU(2) gauge (.4) in which
only a U(1) part of the SU(2) connection survived, and the covariant derivatives had
the form (R.21)). Here we are using the conformally flat representation for the covariant
derivatives, eqs. (f.14) and ([E.1H), such that the connection becomes a linear combination
of all the generators of the group SU(2).

4.2 Prepotential for the intrinsic vector multiplet

The field strength W of the intrinsic vector multiplet, eqs. (.17) and ([£.21]), depends on
the constant isotensor s = s/* obeying the reality condition s/ = s;;. By applying a rigid

SU(2) rotation one can always set

si2=0. (4.31)
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This choice will be used in the remainder of the paper.
Modulo gauge transformations, the prepotential for the intrinsic vector multiplet can
be chosen to be
=2

6°(Q)+0°(¢) (s gs?)(QO0 ()

Vo(z,u") = Vo(z,¢) = i
(- 1EAQ) (1 P Q)

(4.32)

Here we have made use of the complex coordinate ¢ for CP' as well as the following
(-dependent superspace variables

0°(C) = —CO5 — 05, B4(¢) = O + 03,
24(C) = 2% +i(0?)a0%(C)05 + i(0)a"0504(C) | (4.33)
which are annihilated by ¢;D?, and (; D%, with ¢; = (—(, 1).

4.3 N =1 reduction revisited

We have elaborated upon the superspace reduction N' = 2 — N = 1 in subsection 2.2
using the representation (R.21)) for the covariant derivatives. Such a reduction should be
carried out afresh if the covariant derivatives are given in the conformally flat representation
defined by egs. (f.1d) and (E:1H). One of the reasons for this is that the component S2 of
the torsion S% does not vanish and the algebra of the operators (D,, Dé, D§) is no longer
closed, for the third relation in (2.23) turns into -

[Da DY = 5(00)3551D] + 5 (04)348'2D] (434)
Nevertheless, it can be shown, using ([.31)), that the projection of S12 does vanish,
S =0. (4.35)
Another consequence of the choice (4.31)) is
(D20)| = (D§5)| =0 . (4.36)
Then, applying the N' = 1 projection to the covariant derivatives,
Dyl = £4M]00] + 50" Mo + 2451 (4:37)
for DX| and Dga| we get
DL = 3 ( Do+ (D7) My + (Dac])12) (4.38)
Dea| = €37 (Ds + (D& ))Mya + (Dac )z ) - (4.38b)

Here D, and D® are the spinor covariant derivatives for the flat global A" = 1 superspace
parametrized by (z2,0%,04), with

0% =0y, 04 :=0% D, =Dk, D*:=Df|. (4.39)
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As is seen from ([:38d]) and ([.38H), the operators Dg| and Dg1| do not involve any partial
derivatives with respect to o and 62. Another important property is that the operator J12
is diagonal when acting on Dé and 25@1 . Therefore, for any positive integer k, it holds that
(Da, - - Da, U)! = D4, |- Da,|U|, where D4 = (Dé, ij) and U is an arbitrary superfield.
This implies that the operators (D,|, Dal, D¢|) satisfy the (anti-)commutation relations:

{DH. D51} = 48™Mzs, {DEL DI} = ~2i(0)a" D),
[Da], D3] = (oa)mS”!D”! (4.40)

The algebra ([L.40) is isomorphic to that of the N' = 1 AdS covariant derivatives
VA = (Va, Va, VY), see appendix C. Unlike V 4, however, the operators (Da\,Dé\,ﬁ‘f‘\)
involve a zero-curvature U(1) connection, with Jiy the U(1) generator. The latter connec-
tion can be gauged away. Making use of the explicit action of the generator Jip on the
covariant derivatives,

1 _ . 1=
[‘]271)%] = _§Dé7 [‘]271)3] = §Dla . (441)
one finds
e~ (0—0)|J12 pé| e@—0)lJi2 — Vo, e (0—0)|J12 D etz — g, (4.42)
Here the operators Va4 = (V4,Va,VY) have the form ([8d)—({:8d), where
D = (Dg, Dy, DY) are the flat N = 1 covariant derivatives, and the chiral superfield ¢ is
it - s
@ = Wy| = (1 — TxL — w?) , D% =0, (4.43)
with
b= —stl, po=—s22 = —s11 - (4.44)

The operators V4 = (Vg, Va, V) coincide with the ' = 1 AdS covariant derivatives as
given in [f], and satisfy the (anti-)commutation relations (C.2d) and (C.2H).

Let us describe the action of the U(1)-rotation e~(®~)712 on different types of projective
multiplets. For a covariant weight-n arctic hypermultiplet (R.39) it holds

T (2, ¢) ZTk , e~ (@)l zyll(; ¢) = e_%(‘?_")'r["}(z,e(&_“)() . (4.45)

Here we have used the results of [f]] for the SU(2)-transformation rules of the component su-
perfields of projective multiplets. In the case of a real weight-2n projective superfield (2.43),
such as O(2n) multiplets, one finds

R (z ¢) = Z Ri(2)C", e~ (@l 2R2nl (5 ¢) = RI?" (z,e(c_’_")g“) . (4.46)

k=—o00
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To conclude this section, we wish to give the expressions for §%| and V;| which will
be useful in what follows. For the O(2) multiplet ST+ := uzrujSij , one can show

St =w™ut28(()], S| = i<<p‘1cpu< + w‘lwu%> : (4.47)

It is important to note that

@5 (0)] = | <ﬂ< u %) , (4.48)

where we have used ([.46). For the prepotential V;(¢) of the intrinsic vector multiplet, we
obtain

Vo (Q)] =i <¢92 ¢+ @b %) , (4.49)
and hence
Vo(¢) == e ™2y (0)| = i <(w2¢-192)< - (eo%-le?)%) = (V4 — %v_ - (4.50)

4.4 N =2 AdS Killing supervectors: II

In this subsection, the N' = 2 AdS Killing supervectors are explicitly evaluated using the
conformally flat representation for D4 derived earlier.

Our starting point will be the observation that the conformally related supergeometries
have isomorphic superconformal algebras (see [f]] for a pedagogical discussion of this result
in the case of 4D N = 1 supergravity). Therefore, since the superspaces RY8 and AdS*8
are conformally related, they possess the same superconformal algebra, su(2,2[2). It is well
known how su(2,2|2) is realized in the 4D N = 2 flat superspace, see e.g. [29, Y, 16—}
and references therein. Let us first recall this realization following 2§, B9, f§.

By definition, a superconformal Killing vector of R*?®

£ =& =¢42)Da = £°0, + £ D!, + €, (4.51)

obeys the constraint
1
dgDa+ |€+ 5chMcd + KM Jy,Da| =0, (4.52)

for a chiral scalar o(z), Df‘a = 0, which generates an infinitesimal super-Weyl transfor-
mation, a real antisymmetric tensor K°Y(z) and a real symmetric tensor K*(z). This

constraint implies
Di¢KP =0, DK =6BDVe, DI KF=cFphg (4.53)

as well as 1
(£, D] = —50 D}, — K.”Dj — K';Dj, . (4.54)
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The latter equation, in turn, leads to

1 1 =6 et
Kap = 5 D(a55 o =50, (4.55a)
i1 i ok L magi  1o=azk
K'j = 5 — _5 DFgy ) = -5 DSE,, — 5<5].D,€£d : (4.55b)
as well as . .
Dee” = 4ie®’e] . Doel =0, (4.56)

The general expression for the superconformal Killing vector can be shown to be

1 o
¢ =6+ &)+ 1<a“>aa£zeé-i +i(0")a 50
fr = p‘m + (r 4+ 7)ade — @é‘ﬁxf — 2P + xLBkﬁﬁxL + 4ietkgg — 4x€6n§9§3‘ :

7

£ = @ + 700 — 0Jws® — A0S + eﬁ%xL — i 5y — 4070, (4.57)

see, e.g., [@, ] for two different derivations. Here the constant parameters (waﬁ , % B)
correspond to a Lorentz transformation, p®® a space-time translation, k MK special con-
formal transformation, r a combined scale and chiral U(1) transformation, (e, €**) and
(nt,, Mie,) Q-supersymmetry and S-supersymmetry transformations respectively, and finally
A7 an SU(2) transformation.

If W is the chiral field strength of an Abelian vector multiplet in R such
that D*DIW = DiDI*W is the corresponding Bianchi identity, its superconformal
transformation is

SW = EW + oW, (4.58)

see, e.g., [[[§]. The superconformal transformations of the rigid projective multiplets are

given in [Rg].
Now, let us return to the NV = 2 AdS superspace, and let SA(Z)SA be its Killing
supervector. We can represent

tA2)Ea = ¢M2)Dy = €, (4.59)
where
Ea — e%(a—l—&)gu

g =edg 5(D]7) . (4.60)

Then, eq. (B.§) proves to be equivalent to the fact that & is a superconformal Killing
supervector in R*8 such that

Wy =Wy +0Wy =0, (4.61)

with Wy the field strength of the intrinsic vector multiplet. In other words, Wy is invariant
under the A/ = 2 AdS transformations (which is completely natural, keeping in mind that
Wy = 1). The invariance of Wy implies that the AdS transformation of the prepotential
Vb is a pure gauge transformation.
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The general solution of ([L61]) can be shown to be

r=20, (4.62a)
1
ke = Z.s2pa, (4.62b)
i 1 i —& 1 %)
o = 587 ¢€aj T = 58i€" (4.62¢)
Aij = lsij s l_: l, (462d)

with no restrictions on the Lorentz parameters. Using the solution (J1.624)—(i.62d) in (1.57),
from (f.6() one can read off the A" =2 AdS Killing supervectors £ in terms of &.
It is instructive to consider the N' = 1 reduction of the A/ = 2 AdS Killing supervectors.

Let us first give the A/ = 1 projection of the superconformal Killing vector € associated
with the A = 2 AdS Killing vector field £24(2)E4

3 ‘NP 272 ’u!z ; . . ) .
& ZEOca’: 1—79 0 o P o pﬁﬁ ﬁa_waﬁxﬁa_fa.xaﬁ

A ws

_ . 2 :
—20%(2ie* 4 i Ve5y ) — 290‘(216 —,u:naﬁ 1) 070 ; (2 aﬁ—l—m' :Egﬁ)>

. 2
—i6%05 <2w0‘6 — %p(o‘ﬁ-xﬁ) > — 2ife} 6%0% — 2ipeto6? (4.63a)
«a «a @ ~n2 8,, « |lu’|2 B 1 4 Ba
=& =€ef(1—po )—9 wg +T pﬁﬁazL +Snegry (4.63b)
= &5 =5 +1af* + 2,% T (4.63¢)

Then, the A" = 1 AdS Killing supervector A = A*V, +A*V, 4+ A\ V¢ is expressed in terms
of A, and A% as follows:

A= 232N, (4.64a)
a_____oaﬁ_ -1 a ia._ﬁ' -
Y = 8Vﬁ)\ = 24,0()\ +4/\ 5D logcp> . (4.64b)
These expressions agree with []. The second supersymmetry and U(1) transformations in

the N' = 1 AdS superspace are generated by € and £* which are related to €* appearing
in eq. (.634) as follows:

Y = p2e”, (4.65a)
1 1
€ = ﬁv%a = ﬁgpcﬁ_l (Dasa + 2(D%log gp)ea) ,
- | A -
= zuv = 5,7 (Das +2(Dg log §)& ) . (4.65b)

The explicit expression for € is
(2 — u6?)eal + (2 — j162)E20 + ix% (ego ol — 10 ,€2) + 1(16% + p6?)

(-2

+#62992 + 102620 + 1AL 00 (0,007 — 00,e207) + 1| |26%6°

(-

e=—l+

(4.66)
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As argued earlier, the N/ = 2 AdS transformation of the prepotential Vj is a pure
gauge transformation. Any AdS transformation should be accompanied by the inverse of
the associated gauge transformation, in order to keep Vj fixed. This will result in modified
supersymmetry transformations of charged hypermultiplets (supersymmetry with central
charge), in complete analogy with the rigid supersymmetric case [i0]. Here we provide the
expression for the induced gauge transformation of VO| = e (=9)12V| see eq. (50). A
direct calculation gives

Vol = A+ AL A= ol + Q|+ el (4.67)
where
%98 — 1% 00, + 11if>
Mo = 122X TITLI0a FUOT AV, Ao = (€9Va —e)Vi . (4.68)

2 )
(- )

Note that in eq. (f.67), Ao| is chiral and \{| can be seen to be complex linear, (V2 —4pu)\; =
0. This agrees with the requirement that the gauge parameter A should be a weight-zero
arctic superfield.

5. Dynamics in N/ = 2 conformally flat superspace

In this section we study supersymmetric theories in an arbitrary conformally flat NV = 2
superspace M8, The corresponding covariant derivatives D4 will be assumed to have the
form (1) (-1d), with D4 the covariant derivatives for R4®. Tt will also be assumed that
the torsion tensor S;; is real, S;; = Sij. The latter property means that Wy := e~ is the
field strength of an Abelian vector multiplet, that is the intrinsic vector multiplet for M4I8.

For our subsequent consideration, it will be useful to view conformally flat N' = 2
supergeometry as a conformally flat N/ = 1 superspace endowed with an Abelian N/ = 1
vector multiplet. Indeed, for the covariant derivatives ({.1a)—(jt.1d), it holds that

e (0—0)lJ12 Dé] o012 — Va + 21 Woa Jaz, (5.1a)
e (7o)l 2 Dy elo—o)li2 — & 25 Wiy, (5.1b)

Here the operators Vi = (Vg4,Va,VY) have the form (E84)-(F8d), where Dy =
(Dg, Do, D%) are the flat N = 1 covariant derivatives, and the chiral superfield ¢ is defined
as

©:=Wo|, D% =0. (5.2)

The spinor superfield in (p.1d), W, is the covariantly chiral field strength of an Abelian
N =1 vector multiplet,

VaWs =0, VW, = VaWS . (5.3)
and is related to W as follows:

_ i
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In the case of N/ = 2 AdS superspace, ¢ is given by eq. (.43) and Wy, = 0.

In accordance with [[l], off-shell hypermultiplets are described by covariant arctic su-
perfields of weight n, T(")(u+), and their smile-conjugates. Given such a superfield in
M8 we can use the standard representation Y™ (ut) = (u L)Y (¢), and then

+oo
e—<5—<’>=’2r["l(g)‘ — o3 @) yln] (e<5—0><)( =® (T + > Ty (5.5)
k=2

Here the leading components ® and I' are covariantly chiral and complex linear,
respectively,
Vie =0, (V?-4R)T' =0, (5.6)

where R = —(1/4)¢2D?@ is the chiral scalar component of the torsion in the N' = 1
conformally flat superspace, see. e.g. [[f] for a review.
5.1 Projecting the A/ = 2 action into N = 1 superspace: II

Our first goal is to project the supersymmetric action ([[.1) corresponding to MAB,

_ [t
(uTdu™) / d*zd*ed*o e GEatk (5.7)

1
_27TC

into A/ = 1 superspace. Using the super-Weyl transformation laws given in section 4, for
the superfields appearing in (5.7) we find

[ — ottt DLt = Dttt =0
StTH=e"T8¢", E=1, (5.8)
where 1 1
niT = (D) Wo = £(D*)*Wo . (5.9)

The new Lagrangian, LT, is a real weight-two projective multiplet in the flat N' = 2
superspace.
In the action obtained,

1 —o—G 1 ++

= — ¢ (utdu?) / d4z d49d4a <
2T C

we can make use of the identity
s (1 1,0 g 1 _
(D4t = (00 ) (FDHPIT ) =552, (D) = o (D P(D2, (511

and then transform (p.10) in the following way:

1

e 00 [ ++

(
7w Jo (utu™) (312 lo=o
utdu™
= % 740 %/d‘lx (D)LY (5.12)
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where 1

E(1)—)2([)—)2 . (5.13)
This action can be seen to be invariant under arbitrary projective transformations of the
form (B.7). Without loss of generality, we can assume the north pole of CP! to be outside

of the integration contour, hence u*? can be represented as ut? = u1(1, ¢), with ¢ the local

D; :=wu; D!, D :=u; D, (D)L=

« (2 «

complex coordinate for CP'. Using the projective invariance (B:1), we can then choose u;
to be u; = (1,0). Finally, representing L™ in the form

LT (z,u™) = iutiyt2 [ L(z,¢) = i(u+l)2C L(z,(), (5.14)

and also using the fact that L™ enjoys the constraints (; D}, L = (; D4 L = 0, we can finally
rewrite S as an integral over the N' = 1 superspace parametrized by the coordinates:

(z° 91,9 ). The result is

_ L de [y e, 00

o . | dleded eL(g)( (5.15)
As a last step, we replace here L(()| with the N/ = 1 projection of £(¢) defined as
L (ut) = i(u™)*¢ £(¢). Thus

£(0)] = (L) = —=L(0)], (5.16)

and then the action obtained can be rewritten as
1 d{

4 2932 1 d< 4 2932
=il d*z d*0d°0 @ L(C)] = j’{ d'z d*0d*0 EL(C)| . (5.17)

2mi c ¢
This is the desired N = 1 projection of the action (f.7). In the AdS case, the above action
coincides with (B.§).

As follows from eqs. (b.1d) and (p.1H), the projection into ' = 1 superspace should be
accompanied by the U(1)-rotation e~ (@12 applied to all superfields. This means that
the final expression for the action (5.17) is

1

4, 12912
b T /d 4264 0E£< g)( (5.18)
In the rest of this section, the U(1)-rotation e~ (=912 will be assumed to be performed.

5.2 Massive hypermultiplets in AdS*®

As a simple application of the formalism developed, we consider the massive hypermul-
tiplet model (B:42) in AdS*® (the massive model (B40) can be studied similarly). The
corresponding Lagrangian to be used in (p.1§) is

1

—S(O)Y ()™l (¢), (5.19)

L] =
=T

We remind that all the superfields are assumed to have been subjected to the U(1)-rotation

o—(E—0) 1z
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The weight-zero arctic superfield Y is characterized by the decomposition (B.29). For
the prepotential V{y of the intrinsic vector multiplet, we have

emVo(Ol — <1 + mCV+> <1 _ %V_> . V=i 0%, Vo =—ig%p 6% . (5.20)

It is then natural to generalize the superfield redefinition (B.24) to the massive case as
follows:

T(O:=1+AX)1+V)YEQ,  YQI=2+(T+) Tk (5.21)
k=2

The component superfield I'' is now constrained by

o=

=2 r— m ‘
(V2—4p)T M <1+ Iu|> ®, (5.22)

while the components Y}, k > 1, are complex unconstrained. Now, the contour integral in
the action generated by the Lagrangian (f.19) can easily be performed, and the auxiliary
fields integrated out. As a result, the action becomes

S = / e 420424 E(fi@ - 1‘“’1“’) . (5.23)

It is manifestly A/ = 1 supersymmetric. It also possesses hidden second supersymmetry and
U(1) symmetry. These are generated by a real parameter ¢ under the constraints (2.3]),
and have the following form:

_ 1 -
3P = ic|p <1 + ﬁ) S — (Vi tep) T = _Z(V2 — 4p) (eI,

||

0L = ielul <1 " \%\) I'+ (e"Va + i) ® . (5.24)

This transformation reduces to (B.27) for m = 0. A purely chiral action, which is dual
to (5.29), proves to be

/d4x d29d2§E<<i>¢’ 0w il (1 e il (1 + ) ed) . (5.25)
iz iz iz iz
This action reduces to (B.26)) for m = 0. Another interesting special case is m = —|u| for
which (p.25) turns into the superconformal massless action (B.1§).
The symmetry group of (5.2F) is OSp(2[4). The second SUSY and U(1) transforma-
tions are:

5. — —E(W )W), 6= E(W —4)(eB) | (5.26)

Such transformations are m-independent and identical to those which occur in the different

models (B.1§). This indicates that the transformations (p.2(), in conjunction with the
N =1 AdS transformations, form a closed algebra with a central charge proportional to
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m. This is indeed the case. One can check that transformations (5.26) have a manifestly
N = 2 supersymmetric realization. The latter is given in terms of an isospinor superfield

qi obeying the constraints
Di¢) = Dfig) =0 (5.27)

which generalize Sohnius’ construction [[f9] for the off-shell hypermultiplet with intrinsic
central charge [p(]. Unlike the arctic hypermultiplets (or more general harmonic ¢-
hypermultiplets 24, P]), the above realization can only be used for the construction of
simplest supersymmetric theories.

5.3 Vector multiplet self-couplings

We now turn our attention to the system of Abelian vector multiplets described by the
Lagrangian

oH = —ivo (D) + 457 ) Fown) + (D)2 + 457+ ) Fown)| (5.28)

In the AdS case, this Lagrangian becomes (B.39). Here we will consider the more gen-
eral case of an arbitrary conformally flat superspace. We are interested in reducing the
model (p.2§) to N =1 conformally flat superspace. Using conformal flatness, it turns out

that the dynamics of (p.2§) is equivalently described by the Lagrangian

1 Wi _ - Wy
LTt = —ZVi (DY WoF [ — DWW F | = 5.29
ol (1) + o0 () ). (5.29)
where
Wr=Wy'W;,  DiWr=0,  DYW;=DYW;. (5.30)

For the general conformally flat supergeometry, the superfield Wy = e~ is only constrained
to obey the equation for the field strength of an Abelian vector multiplet in N' = 2 flat
superspace, and otherwise it is arbitrary. The field strength W is generated by a weight-
zero tropical prepotential Vj((),

“+oo
VolQ)= > For, = (-D*ox,  Divg = Divgia, (5.31)

k=—00

The field strength is given as

The resulting flat-superspace action is

_ 1 d¢ 4. 129127 GiCj | ig Wi o Wr
5= Z}im/d zdd HW(C)TJ[DJWO}"<W> +DJWOF<W—>“ . (5.33)
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It involves only the component superfieds v_1, v9 and v; of Vj(¢). Computing the con-
tour integral, performing some D-algebra manipulations and using the identities (.3()
and (p.39), one can obtain the equivalent form for the action:

S = / d*z d*0 o & F! (@ / d'z d?0 ¢® R(2F (@) — ©;F" (D))
+ / d*z 4% [W(?Wga(%-"((b) — 20,7 (@) + @9, F (@)
T2V Wra(F (@) =@, (@) + WP Wy (@) e, (5.34)

Here we have introduced the A/ = 1 components, ®; and Wy, of W; defined as follows:

i _
0O =Wi|, Wi := —§D§W1| , DWio = DaW§ | (5.35)

The similar components of W are defined in egs. (5.9) and (5.4). Associated with Wy, is
the curved-superspace field strength Wa; = ¢ ~3/2W,, which obeys the Bianchi identity
VW = 0, VW,r = ?QW?. In terms of the superfields introduced, the action takes
the following final form:

S = / dtzd'0 E®;F (9)
E
+ / drd’ 2 [R(zf (®)=®1F" (®) )+ W Woa (2F (8) =20, F" (9)+ 0,0, F'7 (@)
HOWE Wi (F! (<I>)—(I>J]-"”(<I>))—i—WIO‘WJa.’FU(CP)] +oce (5.36)

If F(®) is a homogeneous function of degree two, ®;F! (®) = 2F(®), the action consider-
ably simplifies, in particular all dependence on W' disappears,

S = / d*zd*0 E®,F! (@ / Atz d*6 Rwawhf” (®) + cc. (5.37)
The action also simplifies drastically in the case of AdS*® where W = 0.

6. Open problems

To conclude this paper, we would like to list a few interesting open problems.

In the A/ = 1 AdS supersymmetry, there exists a very nice classification of the off-shell
superfield types due to Ivanov and Sorin [[I§] (see also [F1] for a review), which is based on
their local superprojectors. It would be interesting to carry out a similar analysis for the
case of N'= 2 AdS superspace. This might be useful for deriving a manifestly N' = 2 su-
persymmetric formulation for the off-shell higher spin NV = 2 supermultiplets [2T] on AdS*.

When realizing AdS*8 as a conformally flat superspace, we used the stereographic
coordinates for AdS* (defined in appendix D), in which the metric is manifestly SO(3,1)
invariant. By analogy with the five-dimensional consideration of [5J], it would be
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interesting to re-do the whole analysis in Poincaré parametrization® in which the metric
for AdS* looks like

R\’ hy
d2s = <?> <77ﬁm dz™dz" + dz2> , R=const, mn=0,1,2, (6.1)

with 734 the three-dimensional Minkowski metric. First of all, this would give direct
access to three-dimensional superconformal theories. Second, the Poincaré coordinates
should be very useful for the explicit elimination of the auxiliary superfields in nonlinear
sigma-models of the form (B.4), see [fZ for more detail.

It would be desirable to develop harmonic-superspace techniques for AdS*8. This
should proceed similarly to the harmonic-superspace construction developed in the case of
5D N =1 AdS superspace [R]. The harmonic superspace approach is known to be most
suitable for quantum calculations in A/ = 2 super Yang-Mills theories. Thus it would be

very interesting, e.g., to see how the covariant harmonic supergraphs [53, p4] generalize to
the AdS case.
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A. Superspace geometry of conformal supergravity

Consider a curved 4D N = 2 superspace M?*/® parametrized by local bosonic (z) and
fermionic (#,6) coordinates 24 = (x ,9;‘,0;) where m = 0,1,...,3, p = 1,2, o = 1,2
and ¢ = 1,2. The Grassmann variables #!' and éi are related to each other by complex

conjugation: 9“ = ##, The structure group is chosen to be SO(3,1) x SU(2) [BH, [}, and
the covariant derivatives Dy = (Dg, D%, D) have the form

Dy=E4 + Q4 + @4 (A1)

Here £4 = E4M(2)0) is the supervielbein, with 0y = 9/92,

1 g
QA: §Qébchc:QéﬁﬂyMﬁ.\/—l—QéﬁﬂyMB,¥ (AZ)
is the Lorentz connection,
Qo =Pa" I, Ju = Ju (A.3)
is the SU(2)-connection. The Lorentz generators with vector indices (Mg, = —M,,) and

spinor indices (Myg = Mg, and Ma 5= M Bd) are related to each other by the rule:

1. _ 1,
Mop = 5(0)apMay, M= —5(@ ")

Mab = (O'ab)aﬁMa,B - (&ab)dﬁM' . 9

afB? 'Mab

ap

9Similar to the stereographic coordinates, these coordinates cover one-half of the AdS hyperboloid.
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The generators of SO(3,1) x SU(2) act on the covariant derivatives as follows:!?

[Jt, D&) = =84 Da) [T, D§] = —€ixDj
[Maﬁ, DEY] = 6'y(oztl)lﬁ) ) [Mdg'7 ﬁzy] = g‘y(dﬁ%) ) [Mabv DC] = an[apb] > (A4)
while [Maﬁ,@iy] = [Mdﬁ,fo] = [Jki, Dg] = 0. Our notation and conventions correspond

to [, [lll; they almost coincide with those used in [[0] except for the normalization of the
Lorentz generators, including a sign in the definition of the sigma-matrices o4, and 4.
The supergravity gauge group is generated by local transformations of the form

1
oxDa = [K,Dal, K = K%(2)D¢ + 5ch(z)Mcd + K*(2) T (A.5)

with the gauge parameters obeying natural reality conditions, but otherwise arbitrary.
Given a tensor superfield U(z), with its indices suppressed, it transforms as follows:

SkU=KU . (A.6)

The covariant derivatives obey (anti-)commutation relations of the form:
c 1 cd kl
[DA’ DE} = TAﬁB*DQ + 57?,,473 M., + RA73 Jrl (A.7)

where TAiBg is the torsion, and R Ainl and R Ach‘i constitute the curvature. The torsion is
subject to the following constraints [B):
7;5 = —2i6i(0%)a” Tl =01, Tog" . (A.8)

Here we have omitted some constraints which follow by complex conjugation. The algebra
of covariant derivatives is [[l]

{D;, DZ;} = 48“Ma5 + 2&?’76&53/7‘5Mﬁ,5 + 26”&?(15)/‘/**5]\_4%

+2€a5€ij8kl<]kl + 4ya5Jij R (A.Qa)
(DL, D} = —2i6i(0%)0"De + 481G Mo + 461Gas MY + 8Go° 15, (A.9Db)

, ) : S . . . . .

(D D3] = i(00)5 0,507 + £ (00335 — (00 Wy, — 4(00)"3 Vs ) D}
+ curvature terms . (A.9¢c)
Here the real four-vector G,4, the complex 7symmeiric tfansors S = ‘S:ji, Wap = Waas
Yop = Yo and their complex conjugates S;; = S¥, Wej 1= Wag, V5 1= Yas obey

additional differential constraints implied by the Bianchi identities [B§, . Of special
importance are the following dimension 3/2 identities:

Disi®) = plisik = | (A.10)

°Tn what follows, the (anti)symmetrization of n indices is defined to include a factor of (n!)~".
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B. Vector multiplets in conformal supergravity

Here we discuss the projective-superspace description of off-shell vector multiplets in 4D
N = 2 conformal supergravity. Following the conventions adopted in [fl], an Abelian vector
multiplet is described by its field strength W (z) which is covariantly chiral

DIW =0, (B.1)
and obeys the Bianchi identity
S = 1(1)’7“1)?) +45T)W = 1(15“’15?” +4ST)W = Y (B.2)
=7 £ = 1\55 =: . .
Under the infinitesimal super-Weyl transformations, W varies as
oW =0W . (B.3)
The super-Weyl transformation of X% is
5,57 = (0 +5)%Y . (B.4)

The vector multiplet can also be described by its gauge field V(z,u™) which is a
covariant real weight-zero tropical supermultiplet possessing the following expansion in the
north chart of CP!:

DIV=Di{V=0, V(zu' ch Ve(z), Ve=(=D)"Vi. (BS)

It turns out that the field strength W and its conjugate W are expressed in terms of the
prepotential V' as follows:

(U+du+) —ya— c—— +
W(z) = (a2 ——— (DD +45 7 )V(z,u"), (B.6a)
_ (u*du*) o n
W(z) = W 5 (DD, +4877)V(z,u"), (B.6b)

with the contour integral being carried out around the origin. These expressions can be
shown to be invariant under arbitrary projective transformations of the form:

a 0

(w;™, wt) — (ui, w)R, R = (b )

) € GL(2,C) . (B.7)
Using the fact that V(z,u™) is a covariant projective supermultiplet, DV = 253']) =0, one

can show that the right-hand side of (B.64) is covariantly chiral. For this, it is advantageous
to make use of the following equivalent representations:

1 [dC = o - i e
W= < <§ (Ds1 DY +4 J)V(C)ZZ(D §+4Su) Vi,
- (Ds

1 _ _ _ . _
W = 3 jéd((Dang + 48522)V(() 5‘ + 482) V. (B.8)
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The field strength (B.6d) can be shown to be invariant under gauge transformations
of the form
0V =X+ A, (B.9)

with the gauge parameter \(z,u™) being a covariant weight-zero arctic multiplet, and A
its smile-conjugate,

DIN=Dix=0, Mz, uT) = Mz, ) = Z CFa(2) (B.10a)
+oo
k=0

To prove the gauge invariance of W, the only non-trivial observation required is that the
constraints on A and A imply

(ﬁdl@f + 45&) A =0, (’Ddgﬁg + 452) 5\1 =0. (B.ll)

It can also be demonstrated that the following super-Weyl transformation of the gauge
prepotential V(z,u™),
5,V =0, (B.12)

implies the super-Weyl transformation of W, eq. (B.3).

C. N =1 AdS Killing supervectors

The covariant derivatives of the ' = 1 anti-de Sitter superspace AdS*4,
Va= Ve, V) = EqMns + 2% M C.1
4= (Va4 Va, V) = Ey M+2¢A be s (C.1)

obey the following (anti-)commutation relations:

(Va, V) = —4fiMag, (Va, VY = 2i(69),°V.., (C.22)
i .
[Va, Vﬁ] = _§N(Ja)mvv ) [Va, V] = _|/‘|2Mab7 (C.2b)

with © a complex non-vanishing parameter which can be viewed to be a square root of
the curvature of the anti-de Sitter space, see, e.g., [ for more detail. The symmetries of
AdS** are generated by the corresponding Killing supervectors defined as

A=\, + XV, + A VY, [A+ WMy, V] =0, (C.3)

for some local Lorentz transformation associated with w®®. As shown in [ff], the equations

in ([C.3) are equivalent to

Wap = Vals, VoA =0, 0= %Mm +Veda,  (C4)

0= VA 0=VIA 4+ 8k . (C.5)

BB
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D. Stereographic projection for AdS spaces

Consider a d-dimensional anti-de Sitter space AdS4. It can be realized as a hypersurface
in R¥12 parametrized by Cartesian coordinates Z% = (Z¢,Z%), with a = 0,1,...,d — 1.
The hypersurface looks like

U

—1
—(Zd)2 —(Z9*+ ) (2" = —(Zd)2 +Z%Z, = —R? = const . (D.1)
1

.
Il

One can introduce unconstrained local coordinates for AdS,; as a natural generalization
of the stereographic projection for S?. Let us cover AdS; by two charts:

(i) the north chart in which Z¢ > —R; and
(ii) the south chart in which Z¢ < R.

Given a point Z% in the north chart, its local coordinates 2 will be chosen to correspond
to the intersection of the plane Z¢ = 0 and the straight line connecting Z% and the “north
pole” Z&

north

= (=R,0,...,0). Similarly, given a point Z% in the south chart, its local
coordinates y® will be chosen to correspond to the intersection of the plane Z¢ = 0 with
the straight line connecting Z% and the “south pole” Z% .. = (R,0,...,0).

In the north chart, one finds

_ Rze
- R4 Zz4’

a

2%r, < R* . (D.2)

A short calculation for the induced metric, ds* = —(dZ%)%2+dZ%dZ,, gives the conformally
flat form:

4dzdx,
d32 = m N xz = .Z'bxb . (D3)
In the south chart, one similarly gets
a R Za a
Y =fr_za Yya < R? . (D.4)

The metric is obtained from ([D.J) by replacing 2% — y®.
In the intersection of the two charts, the transition functions are:

2 ¢
a
This is an inversion, that is, a discrete conformal transformation.
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